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1. Introduction

Let T denote the interval [—n,yz].Afunction (p:[O,oo] —)[O,oo] is called @ —

function (briefly @ € @) if @ is convex and left —continuous and

p0)=limp(t)=0, limp(x)=ow.
t—0" X—>00
A @ —function ¢ is said to be an N — function if it is continuous and
positive and satisfies
tim 20 _o | jim2® _
0"t " tow

Let ®(T) be the collection of functions ¢: T x[0,00] —[0,00] such

0 .,

that
(i) o(x,) e ® forevery xeT;

(ii) @(x,u) isin L°(T) xeT; the set of measurable functions, for every
u>0.
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A function ¢(-,u) e ®(T) is said to satisfy the A, condition (¢ € A,)
with respect to parameter u if ¢(x,2u) < Ke(x,u) holds for all
xeT, u=0, with some constant K >2.

Subclass ®(N) < ®(T) consist of functions ¢ € ®(T) such that, for
every xe T, ¢(x,-) isan N — functionand ¢ €A, .

We use c,c,,cC,,... to denote constants (which may, in general, differ

in different relations) depending only on numbers that are not important for
the questions of interest.

2. Some Auxiliary Results And Main Results

Two functions ¢ and ¢, are said to be equivalent (we shall write ¢ [ ¢,) if
there ¢ > 0 such that

col(x,%) < p(x,u) < ; (X, cu)

forall x and u.
For ¢ e ®(N) we set

p,(f)= L P(x,| T (x)]dx.
Musielak — Orlicz space L” (or generalized Orlicz space) is the class
of Lebesgue measurable functions f :T —[J satisfying the condition
Iﬂiggpw(if) =0.
The equivalent condition for f e L°(T) to belong to L? is that
p,(Af)<oo for some A>0. L” becomes a normed space with the Orlicz
norm

£, =sup{ [ I (99 0]dx: o, (9) <1
and with the Luxemburg norm

I£], =inf {,1 L 0:p, ngl}

w(t,v) =sup(uv—e(t,u)),v>0, teT

u>0

is the complementary function (with respect to variable v) of ¢ in the sense
of Young. These two norms are equivalent :

where
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[, <Nl <2ltl,
Young’s inequality
us < @(x,u) +w(x,s), (2.1)
holds for complementary functions ¢, v € ®(N) where u,s>0 and xeT.
From Young’s inequality (1.1) we have

”f”[(p] <p,(f)+1,
||f||¢3p¢(f) if ||f||¢>1 and ”f”(prw(f) if
1], <1
Holder’s inequality
11 0ag0afax<[If, ],

holds for complementary functions ¢, w € ®(N). The Jensen integral

inequality can be formulated as follows.
If ¢ is an N- function and r(x) is a nonnegative measurable

function, then

g{ITlx)dx [ f (x)r(x)dx] < W [ o(f (r(0)x

Everywhere in this work we will assume that there exists a constant A>0

such that for all x, ye T with [x— VY| S% we have

A
MSUIOQ(W), u>1 (2.2)
o(y.u)
there exist some constants c,,c, >0 such that
in1c p(x,1)>c; (2.3)
and
IT p(x,)dx <o, w(x,1)<c, aeon T. (2.4)

As can be seen from the definitions above, Musielak — Orlicz spaces are
similar to Orlicz spaces but are defined by a more general function with two
variables ¢(x,t) . In these spaces, the norm is given by virtue of the integral

[0 ] F 00D,
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It is know that in an Orlicz space, ¢ would be independent of x, (p(| f (x)|).
The special cases ¢(t)=t" and ¢(x,t)=t"* give the Lebesgue spaces L°

and the variable exponent Lebesgue spaces L™, respectively. In addition to
being a natural generalization that covers results from both variable
exponent and Orlicz spaces, the study of Musielak — Orlicz spaces can be

motivated by applications to differential equations [12,36], fluid dynamics
[13,33], and image processing [5,7,16]. Detalied information on Musielak
— Orlicz spaces can be found in the book by Musielak [34]

Example 2.1. Let p:T—[lLoo] be in L’(T) such that for all

x,yeT with |[x—y]| S% we have the Dini — Lipschitz property.

|mm—mw5——i%r—,
log (J
x|

with a constant ¢, >0. Then the following function belong to ®(T) and
satisfy conditions (2.2), (2.3) and (2.4)
(i) p(x,u) = u"® , sup p(x) < oo,

xeT

(i) p(x,u) = u"® log(1+u),

(i) @(x,u) = u(log(L+u))"™.
A function ¢ € ®(N) is in the class ®(N, DL) if conditions (2.2), (2.3) and
(2.4) are fulfilled.
For f e L we define the Steklov operator A, by

h
2

vh(f)(x):%'[_hf(x—t)dt,0<h<7r, xeT.

The characteristic function K, ;,(u) of afinite interval [a,b] is the function

on [ defined thourgh
1,uela,b],

K (W)= {O, uelabl.

The operator v, can be written as a convolution integral [6, p.33],[4]:

(1 =5 [ FOR, - et,
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where
R,(U):= 5K, (U).
Note that the kernel R, satisfies the foIIowmg conditions [6, p.33], [4]:
J.T R,(wdu<c,, |R,(u)<c,, h<u<r and mjix|Rh(u)| < CG%.

Let f eL? and ¢ € ®(N,DL). By reference [4, Lemma 2], the shift
operator v, is a bounded linear operator on L”:
e (O, <<l 1, -
The function
Q, (5, )= sup

O<h; <o

H(I —v,)f

, 0>01=123,..

4

is called 1—th order modulus of smoothness of f e L"(T), where I is the
identity operator.
It can easily be shown that QL,(-, f) is a continuous, nonnegative

and nondecreasing function satisfying the conditions
!SimQ[p(é, f)=0, Qiﬁ(é, f+g)< Q'(/)((S, f)+QL,(5, 9)

for f,gel”.
Let
i+§:Ak(x, f)= Zw: c.e™ (2.5)
k=1 k=—o0
be the Fourier series of the  function feL(T) :
where A (x, f):=(a, (f)coskx+Db, (f)sinkx), k=12,3,.., a/(f) and

b, (f) are Fourier coefficients of the function f e L (T).

The n—th partial sums, and De la Vallée — Poussin means [53] of
series (2.5) are defined, respectively as

S.(f):=S. (x, f)=i+iAk(x, f):zn:cke"‘x, N=123..

2n—1

V (f):=V (x, f)== ZS (x, f).

Note that for the De la VVallee — Poussin means the integral representation
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V. (f):=V. (X, f):j f(x—t)K_ (t)dt,

holds with kernel
1 sin(34)sin(%)
T 2nsin’(3)
The best approximation to f € L” in the class I1, of trigonometric
polynomials of degree not exceeding n is defined by

E,(f),=inf{|f-T] :T, e, }.
Note that the existence of T eIT, such that
E.(f), =|f-T, ,
follows, for example, from Theorem 1.1 in[9, p.59].
Let W (r=123,.), pe®(N,DL) be the class of functions such

that f™ is absolutely continuous and f <L’ becomes a Banach space
under the consideration of the norm

[k =0+

We use c,c,,C,,... to denote constants (which may, in general, differ

in different relations) depending only on numbers that are not important for
the questions of interest.
In the proof of the main results we need the following results.

Theorem 2.1. [4]. For every feW] (rell), pe®(N,DL) and
nell the inequality

K,t):=

4

G (")
E.(f), smEn(f )y
holds with a constant ¢, >0 depending only on ¢ and r.
Theorem 2.2. [4]. Let fel”, o ®(N,DL) and nell. Then the
estimate

1
E, (1), <6, (f,—)

holds with a constant ¢, >0 depending only on ¢ and r.
Using Theorem 2.1 and 2.2 we have the following Corollary:
Corollary 2.1. Forevery f eW (relJ), pe ®(N,DL) and nell the

inequality
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10
E.(f), < 1D’ ) Q,(f n+1)

holds with a constant c, >0 depending only on ¢ and r.
Lemma 2.1. [4]. Let f eL?,pe ®(N,DL) and nell . Then for each
trigonometric polynomial T, of degree n the inequality
() r _
||(Tn) (pSCJ_On ||Tn||w ’ r_1,2,3,...
holds with a constant c,, >0 depending only on ¢ and r.

Using the method of proof of [44, Theorem 2.1 ] and Theorem 2.2 we can
prove the following Theorem:

Theorem 2.3. Let feW] (rell),pe®(N,DL) and nell . Then
the inequality

1

f0)
It vl = 2a, (.

holds with a constant ¢, >0 dependlng onlyon ¢ and r.
Theorem 2.4. Let T, be the best approximation polynomial to f.
Then for every feW) (r=012..),pe®(N,DL) and nel the
inequality
” F0_ (Tn*)(r) , <c,E, (f (r))w
holds with a constant c,, >0 depending only on ¢ and r.
Proof of Theorem 2.4. We set

1 2n
B(f)=B (x,f)=——)>» S (x,f),n=0,12,...
(f)=B,(x ) n+1Z J(x 1)

Since
B,(. ) =B, f),

[F0-T60),
<|t0-8, )

we have

|¢’

Y n

B,
=L+1L+1; . (2.6)
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Let T, (x, f) be the best approximiting polynomial of degree at most
nto f nin L, . From the boundedness of B, in L” we have

L <|
<6, E, (f
and by Lemma 2.1

T (F)) =19 <cqE (1), 2.7)

I, <c,n” ||Tn B, (f)-T.(, f)||(p (2.8)
and
1, <c, (2n)*[B,(, f)-T(,B, (1),
<ce(2n)“E (B, (1)), (2.9)
The following inequalities hold:
MG B (F) =T, ¢, T,
<[T. (B, (1)) =B, f)],
B, OH= O, +[FO-T.¢. D,
<¢,E, (B, (), +CyuE, (), + C,E (T),, (2.10)

E.(B,(f)),-<c,E.(f),. (2.11)

Use of (2.8), (2.9) and (2.11) gives us
I, <ciyn“E (F),, (2.12)
I, < ¢, (2n)7E, (f),. (2.13)

Taking into account the relations (2.6), (2.7), (2.12) and (2.13) we get
” f (@) () ~TE, f)”(p

<CysE, (1), +Cn"E, (), +C,7 (20)" E (B, ()),-

< En(f“"))(p +Cun“E (), (2.14)
According to Theorem 2.1 the relation
E,(f), < —E (), (2.15)
(n+1)" 1)

holds. Using (2.14) and (2.15) we have
[f20-T7C N, <k, (1),

The proof of Theorem 2.4 is completed.
Note that polynomial approximation problems in Musielak — Orlicz
spaces have a long history. Orlicz spaces, which satisfy the translation
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invariance property, are a particular case of Musielak — Orlicz spaces. In
these spaces, polynomial approximation problems were investigated by
several mathematicians in [1, 8, 10, 18-20, 23-28, 31, 32, 39, 40, 52, 55,
56]. In general, Musielak — Orlicz spaces may not attain the translation
invariance property, as can be seen in the case of variable exponent
Lebesgue spaces L"), Several inequalitiers of trigonometric polynomial
approximation in L"™ were obtained in [2, 3, 15, 17, 43, 45]. Note that,
under the translation invariance hypothesis on Musielak — Orlicz space,
Musielak obtained some trigonometric approximation inequalities in [35].

In the present paper we investigate the simultaneous approximation
properties of De la Vallee — Poussin means in Musielak — Orlicz spaces in
terms | —th order modulus of smoothness. Also , we estimate the modulus
of smoothness from below and above in terms n—th partial sums and De la
Vallée — Poussin means in Musielak-Orlicz spaces. Similar problems in
different spaces have been investigated by several researchers (see, for
example ,[11, 14, 21, 22, 29, 30, 37, 38, 41, 42, 46-51, 54, 57]).

Our main results are as follows.

Theorem 2.5, Let feW (rell), pe®(N,DL),,m=0,12,.., r

and nell. Then the estimate
[t v <2 q (1, f(”j
n e M n

holds with a constant c,, >0 independent of n.

Theorem 2.6. Let fel” , pe®(N,DL) and nell. Then the
following inequalities hold:

1.

1

e [H’ f ]g (), +F -va(D,)

< QY G f j (2.16)
where the constants c,, and c,, independent of n..
2.

el G fjs (n® s (0], + £ -s.(D),)
<0 G f j 2.17)
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where the constants c,, and c,; independent of n.

3. Proofs of the main results
Proof of Theorem 3.1. Let f eW and T, eIl (n=0,1,2,...) be the

polynomial of best approximation to f. The following inequality holds:
” £ (m) _Vn(m) (f )”
4
<[t -@)H™| +|@H™ v )| (3.1)
4 4
By virtue of Theorem 2.2 and 2.3 we get
[ £ =)™ < cyEl (F™),

< Car E (f™) SCiQ' (i’f(r)j_ (3.2)
nr—m 4 n"—m 4 n

On the other hand using Lemma 2.1, Theorem 2.3 and Corollary 2.1 we
obtain that

<cun” (Vo (1)= ], +] =T, |
scmnm{%fg);(l f<f>j+ En(f)w}

n H

USRI

< fu_g (1, f(”j. (3.3)
nr—m 4 n
use of (3.1) , (3.2) and (3.3) , gives us
[fo-1] < Co o (1 i
n P r]r—m 4 n !

The proof of Theorem 2.5 is compled.
Proof of Theorem 3.1. According to [4] the inequality

Q, (%,vn(f>jsc43n‘z' M), (3.4)

holds. Taking into account the properties of modulus of smoothness
Q) (£, f)and (3.4) we conclude that
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i)

n

s(g;,(i,f—vn(f))m;(l,vn(f))]
n n

veml) s
We estimate the modulus of smoothness @, ,(,f) from below.
Considering Theorem 2.1 and [4] the following inequalities hold:

<cu([f -V, (D), +n

E.(f), <, (i fj, (3.6)
n+1
-2 "Vn(zl)(f)”(p <Ce2 (ﬁ f). (3.7)

Let V_ (f,x) be the de la Vallée — Poussin sums of the series (2.5) and
let T, eIT, be the polynomial of best approximation to f in L, that is
|-,

.= E,(f),. Then we can write the following inequality :
[f-Va(D,
<|t-T,

+
4

<cyE. (f), +

T, -V, (f)],

-],

<c,E (f),. (3.8)
Comparing the estimates (3.6), (3.7) and (3.8) we find that

n,2| |Vn(2l) ( f )”w + || f _Vn ( f )”qa

sc@(ﬂ' [i,vn(f)}En(f) j
\n+1 ?

SCSO(QL,(ﬁ, f)+§2'¢(ﬁ, f -V () + En(f)wj

1
e (). (3.9)

Taking into account the relations (3.5) and (3.9) we obtain estimation (2.16)
of Theorem 3.1.

According to [4] there exists a constant c,, >0 such that
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[f=8,()], < cuEW(F),- (3.10)

The proof of the estimation (2.17) is obtained in analogy to proof of the
estimation (2.16) using the inequality (3.10).
Theorem 3.1 isproved.
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